FIELD VERIFICATION OF A ONE-DIMENSIONAL MATHEMATICAL MODEL FOR TRANSIENT
COMPACTION AND EXPANSION OF A CONFINED AQUIFER SYSTEM
Donald C. Helm!

Land subsidence due to ground-water withdrawal from a confined
aquifer system is an expression at land surface of net compaction
(vertical consolidation) at depth of compressible layers within the sys-
tem, Water-level fluctuations within coarse-grained aquifers produce
stress changes on the upper and lower boundaries of slow-draining aqui-
tards (compressible fine-grained interbeds). Indirectly, irregular and
cyclic pumping drawdowns generate complex loading and unloading stress
patterns in the aquifer system, causing compaction and expansion of the
aquitards. Within a confined system, any lag in compactive response to
such a Toad increase is usually ascribed to slow vertical drainage from
the aquitard(s). After water levels in coarse-grained material rise
during a period of water-level recovery, it has been observed during the
next cycle of declining water levels that nonrecoverable compaction is
reinitiated before water levels reach their prior Towest level.

Based on a modification of Terzaghi's consolidation theory, a one-
dimensional mathematical model has been developed and discussed in de-
tail by Helm (3, 4). The model computes transient aquitard compaction
and expansion due to arbitrarily specified changes in effective stress
within an adjacent aquifer. Conceptually, the model attributes time-
lag of matrix response to vertical flow of fluid mass from one idealized
material (such as one or more aquitards) to another (such as adjacent
aquifer material). The present model has been applied to various field
conditions ranging from a short-term test where 4.8 x 10" meters of
recoverable compaction (and subsequent expansion) of an overlying con-
fining bed was measured during a 4-week aquifer test (including draw-
down and recovery) in Florida to a long-term test where nearly 4 meters
of nonrecoverable subsidence occurred in San Jose, Calif., during 50
years of pumping overdraft.

The present model differs fundamentally from a viscoelastic type
of model (1, 2) that makes the following simplifying assumptions: 1) a
confined aquifer system is represented by a single undifferentiated
viscoelastic material, 2) time-lag of matrix response to observed stress
change within such an undifferentiated aquifer system is attributed to
a viscous element of the rheological model, 3) vertical components of
flow are ignored, and 4) vertical variation in hydraulic head and pre-
consolidation pressure is ignored.

The present model computes not only transient compaction and ex-
pansion at a site of interest (Figure 1) but also the transient vertical
distribution of past maximum effective stress (preconsolidation pressure)
(Figure 2). If adequate background data are available, the model can be
used not only to predict transient compaction and expansion at a site
due to arbitrarily specified loading and unloading patterns, but also

1 U.S. Geological Survey, Sacramento, Calif.

189




FIELD VERIFICATION OF A ONE-DIMENSIONAL MATHEMATICAL MODEL FOR TRANSIENT
COMPACTION AND EXPANSION OF A CONFINED AQUIFER SYSTEM
Donald C. Helm!

Land subsidence due to ground-water withdrawal from a confined
aquifer system is an expression at land surface of net compaction
- (vertical consolidation) at depth of compressible layers within the sys-
- tem. Water-level fluctuations within coarse-grained aquifers produce
stress changes on the upper and lower boundaries of slow-draining aqui-
tards (compressible fine-grained interbeds). Indirectly, irregular and
- cyclic pumping drawdowns generate complex loading and unloading stress
- patterns in the aquifer system, causing compaction and expansion of the
~aquitards. Within a confined system, any lag in compactive response to
- such a Toad increase is usually ascribed to slow vertical drainage from
- the aquitard(s). After water levels in coarse-grained material rise
~ during a period of water-Tevel recovery, it has been observed during the
- next cycle of declining water Tlevels that nonrecoverable compaction is
- reinitiated before water levels reach their prior lowest level.

Based on a modification of Terzaghi's consolidation theory, a one-
dimensional mathematical model has been developed and discussed in de-
tail by Helm (3, 4). The model computes transient aquitard compaction
and expansion due to arbitrarily specified changes in effective stress
within an adjacent aquifer. Conceptually, the model attributes time-
lag of matrix response to vertical flow of fluid mass from one idealized
material (such as one or more aquitards) to another (such as adjacent
aquifer material). The present model has been applied to various field
conditions ranging from a short-term test where 4.8 x 10°" meters of
recoverable compaction (and subsequent expansion) of an overlying con-
fining bed was measured during a 4-week aquifer test (including draw-
wn and recovery) in Florida to a Tong-term test where nearly 4 meters
nonrecoverable subsidence occurred in San Jose, Calif., during 50
ars of pumping overdraft.

. The present model differs fundamentally from a viscoelastic type
of model (1, 2) that makes the following simplifying assumptions: 1) a
confined aquifer system is represented by a single undifferentiated
scoelastic material, 2) time-lag of matrix response to observed stress
ange within such an undifferentiated aquifer system is attributed to
viscous element of the rheological model, 3) vertical components of
ow are ignored, and 4) vertical variation in hydraulic head and pre-
nsolidation pressure is ignored.

The present model computes not only transient compaction and ex-
nsion at a site of interest (Figure 1) but also the transient vertical
stribution of past maximum effective stress (preconsolidation pressure)
(Figure 2). If adequate background data are available, the model can be
ed not only to predict transient compaction and expansion at a site
‘due to arbitrarily specified loading and unloading patterns, but also

1 U.S. Geological Survey, Sacramento, Calif,

189



190

MATHEMATICAL AND PHYSICAL MODELS

100 [ I [ [ T [ [ [ [ i
ek /\/ BOUNDARY | STRESS
w
2ol T VVAA AN WY Y
=3 6S/1W-23E1
w
©yso_| N I [ B B |
-0 T T T 1 T T 1 i
» 0 3
@ T e COMPACTION i
w
= 02 23
w = / /CALCULATED 3
= o4l Lo, -
B OBSERVEDY | “w..... . el
e | R S [ |
1958 1960 1965 1970 {972

Figure 1.--Simulation of compaction based on water-level and com-

Figure 2.--Combined plot showing distrib
solidation pressure within two id
field site on April 3, 1952 (
1971 (solid Tines).
bution in lower half

IN METEPRS

THICKNESS

data for well 6S/1W-23E1 (1958-72)

EFFECTIVE SIRESS IN METERS OF WATER
180 200 220 240 260

N Eae

10 1 -METER AQUITARD

T / L . “’
~MIDPLANE UF

| © CAPRIL 3, 1952 _FEB 4. 1971
§ N
Fduee
G858 \L:( 0 6 METER AQUITARD
ol Povonnta | Sep— — -
15 3 55 7 %

OEPTH 10 WATEK, IN METERS

represent distribution in the 0.6-meter aquitard.

115

ution of calculated precon-
ealized aquitards at the -16N3
dotted lines), and on February 4,
Longer segments of curves represent distri-
of 10.1-meter aquitard; shorter segments

to approximate quantitatively a critical range of water levels. Some-
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paction is predicted to cease when water levels rise and to be reinit-
iated during subsequent water-level declines.
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e boundary stress curve of Figure 1 has been calculated directly from
hserved water-level data by adding an average effective weight of the
erburden (3, 4). The emphasis of the present paper will be threefold:
irst, the trial-and-error method used by the author to find vertical
draulic conductivity, X', and nonrecoverable vertical specific storage
(compressibility), S'skv, will be described. Second, the values of ¥’
nd S'sxy estimated by this method based on 15 sets of field data in
alifornia will be listed. Finally, based on these values important
redictions of critical stress values and ultimate compaction values

4ill be presented.

The first step in searching for appropriate parameter values is to
elect arbitrarily a value for hydraulic conductivity, k', and nonrecov-
rable specific storage, S'skvs for an initial computer run. Let us
abel this initial set (x'(a), 5'skp(a)). A computed compaction curve
will be generated by the model in response to known or otherwise speci-
fied changes in boundary stress. If, for example, one finds that the
calculated compaction curve gives a value for net cumulative compaction
between two selected dates (t1 and #,) larger than the observed values,
one can decrease K' or S'gky OF both  for the next trial computer run(s).
For a few hypothetical subsequent runs let us keep k' ( = k'(a))
constant and decrease only S'skp. For an extreme case, zero-valued
S'sky (representing incompressible intergranular material) will obviously
give a calculated compaction curve smaller than the observed non-zero
It is possible to find a value of S'skv (namely, S'skw(b)
in Figure 3) for our initial arbitrary '(a) that will match the net
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Figure 3.--Hypothetical computer runs for a large value of K'( = K'(a)).

observed compact%on between t, and t,. The two circles in Figures 3, 4,
~and 6 represent hypothetical observed values of compaction at ¢ = t

nd to.
Let us now keep the hypothetical initial arbitrary,sgkv@%3§kv (a))
- gonstant and decrease (Figure 4) on subsequent computer runs. Even-

~ tually we shall have two possible pairs of parameters that adequately
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Figure 4.--Hypothetical computer runs for a large value of Sgkv(zsgkuh)).




192 MATHEMATICAL AND PHYSICAL MODELS

account for observed net compaction between ¢, and ¢,, namely (x'(a),

S'grp(b)) from Figure 3 and (K'(b), S'g,,(a)) from Figure 4. These two

pairs of values represent two points on a "zero-error" curve (Figure 5)
between #; and #,.

<~ INITIAL ESTIMATE

—— RO - ERROR CURVE
BETHEEN 1, AND 1

Figure 5.-- Hypothetical zero-error curve,

When more observed time-compaction data are available than merely
two values (circles in Figures 3 and 4), we can by trial-and-error find
many pairs of coefficients (bracketed segment of the "zero-error" curve
in Figure 5) that give a reasonable approximation of the slope of an
observed time-compaction curve between #; and ¢, (Figure 6). These
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Figure 6.--Hypothetical observed slope.

values may be found to fall within a small range. Hence, the coeffic-

ient pairs in Figure 5 represented by the bracketed interval on the so-

called "zero-error" line are found, not assumed. What is assumed is
the appropriateness of Terzaghi's equation. In other words, the values
in Figure 5 are actually values for mathematical coefficients in an

equation. If the mathematical equation does indeed represent a physical 1

process, then the mathematical coefficients represent corresponding
physical parameters. What is assumed is a correspondence between a
selected mathematical equation and an observed physical event.

If field data are not related in a cause-and-effect relation, no
equation (theory) can be tested and no meaningful "zero-error" coeffic-
ient values can be found. Helm (5) has discussed and illustrated the

application of the "zero-error" curve method (Figure 5) to three sets of |

actual field data from the Santa Clara Valley, California.
Columns 8 and 9 in Table 1 give parameter values for X' and 8! oy
(estimated by the previously described method) for eight sets of fie%d

data in the Santa Clara Valley, Calif., and seven sets of field data in

the San Joaquin Valley, Calif. Column 1 indicates the Tocation number
of observation wells whose water-level fluctuations were used as known
changes in boundary stress on the idealized aquitards. A Tocation map

of the specified observation wells in Santa Clara Valley can be found 1&:;
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194 MATHEMATICAL AND PHYSICAL MODELS

Helm (5). Location maps of the specified sites in the San Joaquin Vﬂ-:

lTey appear in Poland and others (8, Figure 50). Column 2 lists the
period of water-level data used and column 3 gives the period of meas-
ured compaction used. It is these compaction data measured in the field

by extensometers and described by Lofgren (6) that are to be matched by

calculated compaction (Figure 1). In column 4, b'0 gum s the fine-
grained part of the total thickness interval (bo totar of column 5)
that has experienced the stress change and whose gross cumulative com-
paction and expansion has been measured by extensometers. Column 6
gives the weighted-average thickness, b'0 equivs of aquitards in con-
trast to the thickest aquitard (67, max OF column 7) within the total

interval (b, totqr OF column 5) of interest. The method of calculating :
. :

is discussed in (3, 4, 9). Values in columns 4 through 7 are

4 .
estiﬁg%ég directly from electric or other down-hole logs. The recover

able component of specific storage, namely 5', o of column 10, is esti- |
mated directly from a plot of field data accor ing to a method describef

by Riley (9). It is interesting to note that the model values of §'

Tisted in column 9 and found by the previously described trial-and-error b

method fall within an unexpectedly narrow range.

Table 2 shows some predictions based on the simulation model. Col-

umns 2 and 3 are observed water levels for the coarse-grained material,
Column 2 indicates that water levels in the early 1970's had risen from
their earlier historical lows of the mid-1960's (column 3). Column4
represents calculated preconsolidation pressure (Figure 2) at the end of
the appropriate periods of record (column 2 of Table 1). The "high"

water-Tevel value in column 4 of Table 2 is a very rough approximation §
for the end-date preconsolidation pressure at the midplane of the thick-

est aquitard (b'o mae 1N column 7 of Table 1). It is intended to sug-
gest a possible upper 1imit for a critical depth to water. The "low"
water-Tevel value in column 4 of Table 2 is a much firmer number, It
the calculated end-date preconsolidation pressure at the midplane of
"average" aquitard (b7, equip 1N column 6 of Table 1) and represents :
Tower Timit for the trané?ent critical depth to water mentioned above,

For water Tlevels below such a critical depth some nonrecoverable sub- F

sidence will occur. For water levels above this critical depth, none
will occur. The critical depth to water is predicted to lie somewhere 4
between the two values in column 4 of Table 2. Table 2 can be used al
with Figure 2 to illustrate that at site 235/25E-16N3 (column 1) the

"0 max @Quitard with a thickness of 10.1 meters (column 7, Table 1) E
had 1n" 1971 (column 2, Table 1) a calculated preconsolidation stress at
the midplane that is equivalent to a depth to water of 50 meters (colum
4, Table 2). Column 4 of Table 2 also indicates that at site 235/25F 4
-16N3 the representative aquitard with a modeled thickness of 4.9 meters

(column 6, Table 1) had in 1971 a calculated preconsolidation sm@ssatf ‘

its midplane that is equivalent to a depth to water of 67.1 meters,
Hence the 1971 critical depth to water at this site should lie some-
where between 50. and 67.1 meters. Column 5 of Table 2 Tists the resid:.
ual nonrecoverable compaction at each site that will occur if water

levels are returned to their past maximum (column 3, Table 2) and held
at that Tevel indefinitely. Column 6 indicates the calculated ultimate
specific compaction as defined by Poland and others (7). It simply
equals b, sum © S'qyp @nd is equivalent to a nonrecoverable storage
coefficient S Ty ﬁor example, if water levels within the specified
thickness interval of 123.4 meters at 23S/25E-16N3 were Towered 10 metes
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Table 2.--Quantitative predictions based on simulated compaction at selected sites
in Santa Clara and San Joaquin Valleys, California

“Depth to water (meters) | Restdal | T Time
te of ax. p P trigger™ | nonrecoverable Ultimate specific constant
ter-level |Early 1970's | mid-1960's subsidence compaction compaction, S',, T

High *+ Low (meters) (dimensionless) (years)

@ 5) 16) @]

SANTA CLARA VALLEY
S35 0.52 0.0265 18.
3.7 »  25.6 1.58 .0842 89.
23, +  30.5 1.25 .141 52.
0. + 23.8 1.71 .0829 96.
0. -+ 235 1.74 .0842 100.
1.2+ 3.5 1.52 107 27.
0. + 0.5 2.53 1155 125.
8. o+ 64.0 1.65 110 13.

SAN JOAQUIN VALLEY
0.+ 1195 3.20 0.092 75.
106. + 129.8 2.19 118 40.
15, +  158.5 4.57 210 42.
47. +  49.7 1.89 .103 215.
10, +  155.1 9.75 1397 1350.
0. - 732 2.96 .054 140.
a5, 83.2 50. o+ 67.1 .85 "064 5.

below their past maximum depth of 83.2 meters and were held there long
enough, 0.64 meters of nonrecoverable compaction is predicted to occur
ultimately in addition to 0.85 meters of residual nonrecoverable com-
paction for a total of 1.49 meters of nonrecoverable compaction at that
site. Column 7 gives the time constant T which equals

Blio(b'0 cqyiv/2)2/K' . The calculated value of T suggests the length
of time reqﬂ1red at each site for the slow-draining aquitards to reach
93 percent of their ultimate nonrecoverable compaction (column 6) if
water levels in the aquifers were instantaneously lowered a specified
amount and then held constant. The t value Tisted for each site in
Table 2 is a gross, but representative approximation. The value of
for any bed depends on the square of the thickness of the individual
bed itself. The calculated value of t in Table 2, however, depends on
the square of a weighted-average thickness, b'y) eouipe Because T also
depends on field-determined average values of x' and 5'gxy for the
entire system, it may be considered a reasonable value for each site.

~ Appendix 1.—References

Brutsaert, W., and Corapcioglu, M.Y., "Pumping of Aquifer with
Viscoelastic Properties," Journal of the Hydraulics Division, ASCE,
Vol. 102, No. HY11, 1976, pp. 1663-1675.

Corapcioglu, M. Y., and Brutsaert, W., "Viscoelastic Aquifer Model
Applied to Subsidence Due to Pumping," Water Resources Research,
Vol. 13, No. 3, 1977, pp. 597-604.

Helm, D. C., "One-Dimensional Simulation of Aquifer System Compac-
tion near Pixley, California, 1, Constant Parameters," Water
Resources Research, Vol. 11, No. 3, 1975, pp. 465-478.

Helm, D. C., "One-Dimensional Simulation of Aquifer System Compac-
tion near Pixley, California, 2, Stress-Dependent Parameters,"
Water Resources Research, Vol. 12, No. 3, 1976, pp. 375-391.




MATHEMATICAL AND PHYSICAL MODELS

Helm, D. C., "Estimating Parameters of Compacting Fine-Grained
Interbeds within a Confined Aquifer System by a One-Dimensional
Simulation of Field Observations," in Land Subsidence: Proceedings
of the Anaheim Symposium, December 1976, International Associatio
of Hydrological Sciences Publication No. 121, pp. 145-156. 2
Lofgren, B. E., "Field Measurement of Aquifer-System Compaction,
San Joaquin Valley, Calif., in Land Subsidence: Proceedings of the § suMMAR
Tokyo Symposium, Vol. 1, 1969, International Association of
Hydrological Sciences Publication No. 88, pp. 272-284. ! The Ko
Poland, J. F., Lofgren, B. E., and Riley, F. S., Glossary of = #under
Selected Terms Useful in Studies of the Mechanics of Aquifer ¥ below
Systems and Land Subsidence due to Fluid Withdrawal, USGS Water- S ooy rod
Supply Paper 2025, 1972.  f wvater/
Poland, J. F., Lofgren, B. E., Ireland, R. L., and Pugh, R. G., ¥ sion i
Land Subsidence in the San Joaquin Valley, California, as of 197l shed w
USGS Professional Paper 437-H, 1975. f to sim
Riley, F. S., "Analysis of Borehole Extensometer Data from Central  flow i
California," in Land Subsidence: Proceedings of the Tokyo F vere ¢
Symposium, Vol. 2, 1969, International Association of Hydrological § pissur
Sciences Publication No. 89, pp. 423-431. the cc
. were S
' was us
' invest
aquife
' be use
ated w

 INTROL

' The K¢
. coast
ing.

. const
. where
level

f The s.
compr
fissu:
fof fi
f The s
the w

P *prof
. Witwa





